Chapter 3: Sequences and Series

3.2 Binomial Expansion

Prepared by: kwkang



Learning Outcomes

(a) Find the expansion of (a + b)" where nis a
positive integer.

(b) Write n! notations and "¢, = (1:) as a
binomial coefficient.

(c) Determine the general term in a binomial
expansion (a+ b)" where n is a positive

integer.
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Learning Outcomes

(d) Determine the expansion of (1 +x)" for
x| <1where n is a rational number for both
positive and negative numbers.
* (a+ b)" = a"(1+%)n where a > b
* Use binomial expansion to approximate

values such as 2, (1.001)1°, /5.

kwkang@KMK Bloom: Understanding



Binomial Expansion

n=nn-1mn-2)..3x2x1

!
(n) = "6 = r! (nn— T)!

If N is a positive integer, the general result for the Tune 11
expansion of (a + b)"is ypP

(a+ b)" = (1(;) a™ + (1;) a” 1b + (121) a™ 2b? + (Z) a" 3h3 +
(et (M)
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Binomial Expansion

The generalterm, T..., = "C,.a™ "h"

for (1 + x)™ is given by

If n is negative or fractional, the binomial series
Type 2

nn-—Dx*? nn-1Dn-2)x3
1+x)"=1+nx+ ( 2') + ( )3(' ) + ..

p\" : :
(a+ bx)" = a® (1 n _) before applying the expansion of
a (1+ x)* as shown above.
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Example

1. Expand the following using the binomial
theorem.

(a) (x+y)°
(b) (x—y)*

2. Find the 12t term in the expansion of (1 + x)?20

as a series in ascending powers of x .
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Example

3. Find the coefficient of x¢ in the expansion of
B+x)".

4. Find the term indep%ndent of x in the

. 1
expansion of (x - ;>
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Solution

1.(a) (x+y)3 =%+ C) x%(y) + (Z) x(y*) + (»)?

= x3 + 3x%y + 3xy? + y3

(b)(x -yt =xt+ (i) x> (—y) + (;) xz(—yz)

+ (;) x(=y)° + (=»)*

= x* — 4x3y + 6x%y? — 4xy3 + y*
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Solution (continue...)

2. T,.4="C.av"b" Using T,-. term formula
20
Ty = (11> ()20t
= 167960x11!

3. — 12 12—-r r ;
T,.1 . (3) (x) Using T,., 1 term formula

12
T, = ( p ) (3)12-6(x)® Obviously, r=6

= 673596x°
The coeficient of x°is 673596 .
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Solution (continue...)

4. Independent of X means without x term. This is only
make possible if the power of X is zero.

12 1\"
Ty = ( - ) (x) 12" (— ;)

Collect all terms in x and simplifying them if possible.

12—r
X
— y12-2r _ ,0
xr
12 —-2r =0
r==6

6
12 1
T, = x)12-¢( ——| =924
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Self-check

1. Expand the following using the binomial
theorem.

(a) (x+y)*
(b) (1 —x)*

2. Find the 10t term in the expansion of (1 + 2x)8

as a series in ascending powers of x .
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Self-check

3. Find the coefficient of *° in the expansion of
2 10

(2 +§)

4. Find the term independent of x in the

. 1 \12
expansionof [, % ) .
2x2
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Answer Self-check

(1) (3) x* + 4x3y + 6x2y% + 4xy3 + y*
(b) 1-4x+6x% —4x3 + x*

(2) T = 24893440x°

(3) 52.5

495
(4) 4
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Example

1. Expand the following up to the term in x3.

(a) (1+x)2
1

(b) (1-3)°

2. For which value of x are the expansions in
Question 1 valid?
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Example

1
3. Expand the function (9 + x)2 in a series of
ascending powers of x as far as the term in x*
. State the value of x for which each

expansion is valid.

4. Obtain the expansion of V1 —2x up to the *?
: 1 : :
term. By putting x = 100" find a rational
approximation forvz .
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Solution

1/1
1. (a) 11 51
1+x)2=1+-x+ x?
2 2!
1/1 1
>(5—-1)(5-2
+2(2 )(2 )x3+
3!
1 1 1
_ P/ A3
—1+2x 8x +16x+...
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Solution (Continue...)

1 3, 7
— 178" 128" " 1024”
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Solution (Continue...)

2. (a) For expansion is valid,
x| <1
Ll <x <1

(b) For expansion is valid,
‘;‘ <1

1<x<1
2

L2 x< 2
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Solution (Continue...)

=9o(1+ g)]i

=3 (1 + g)i

=3 [1 + - (g) + 5(52_!1) (g)z N 5(5‘12(5‘2) (g)?’ N ]
=3 +£—ix2 + x 4+ .

6 216 3888
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Solution (Continue...)

The expansion is valid for
Y <1
5l <

1<x<1
9
=9 < x<9
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Solution (Continue...)

4. (1-2x)

2(z-1

1
= 1+E(—ZX)+

1

=1—-x—=x%+ ..

1 2
1 \2 1 1/ 1
1-— ) =1———=—
100 100 2\100
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Solution (Continue...)

98 1 1
VlOO__ 100 20000
V98__20000——200——1
100 20000
19799
2 =
2 2000
19799
VE"14000
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Self-check

1. Expand the following up to the term in x3.

(a) (1 + x)%
1

(b) (1-3)°

2. For which value of x are the expansions in
Question 1 valid?
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Self-check

1
3. Expand the function (8 + x)3 in a series of
ascending powers of x as far as the term in x*
. State the value of x for which each

expansion is valid.

4. Obtain the expansion of v1+x up to the x*

: 8 : :
term. By putting x = 100" find a rational

approximation forv3 .
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Answer Self-check

1 1 5
1) (a T x—_x2 31 T 3
(1) (a) 1+ 5x—gxf +o2x

3

1 2 2
(b) 1=15%*~325% ~1125"

(2)(a) -1<x<1

(b) -3<x<3
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Answer Self-check

1 5
3 AR 3% 34+ .
(3) 2+912 288" T2073¢% T
—8<x<8
433
4) j5_ 133
(4) 3 —
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BFF’'s Technique

Bracket

Fill in the blank

Find value

F
F
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- n positive integer n negative integer or fraction

Formula

BFF’s
technique

Step 1:
Bracket

Step 2:
Fill in the
blank

Step 3:
Find value

n

n nn-1 nn—-—1)(n-—2
(x+a)"=2(k)xkan_k 1+nx+—( )x2+ ( )( )x3+
— 2! 3!
(2x + 5)? (1+x)°?2
* 3terms if power to 2 @t by an <1 +B>n Must in the form of (1 + x)"
* 4terms if power to 3 and so on... B a) before doing expansion.
() () () )HC)

COCHCD+HCHCIC I+ HC I ) 17O == Nt —F=—( PP+

2 2 2 (=2) (=2)(-2-1)
(0) (2x)2%(5)° + (1) 2x)1(5) + (2) (2x)°(5)2 1+ ETH () + 20 (x)?% +

(-2)(-2 - 1)(-2-2)
3!

(x)3 + -

4x* + 20x + 25 1—2x+3x% —4x3 + -



Summary

Binomial expansion

Power, n is a positive Power, n is a negative
integer integer or fraction
(a+b)" = (5)a™ + (})a™ b + (})a™ *b* + (1427 =1 4nx+ n(n — 1)x? N

2!
+ ..

n\ _n-3p3
(B)a b +... n(n-1)(n-2)x3

3!

Try1= ncran—rbr 4 b )

(a+ bx)" =a" <1 +E)

before applying the expansion
of (1 + x)"as shown above.
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Key Terms

* Binomial expansion
* Validity of expansion
* Term

e Coefficient
 General term

* Positive integer

* Fraction

e Rational number
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